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Abstract 

Given two Jordan curves in a Riemannian manifold, a minimal surface of annulus type 
bounded by these curves is described as the harmonic extension of a critical point of some 
functional (the Dirichlet integral) in a certain space of boundary parametrizations. The H^'^- 
regularity of the minimal surface of annulus type will be proved by applying the critical points 
theory and Morrey's growth condition. 
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1 Introduction 

Extending the Ljusternik-Schnirelman Theory on convex sets in Banach spaces, a general 
theory of critical points was developed in 1983 f |Stlj . see also jSt2j |St3 ), and an approach 
to unstable solutions and Morse theory for Plateau's problem of disc or annulus type in 
was given. Here a minimal surface is described as the harmonic extension of a critical point 
of the following functional, defined on a set of boundary parametrizations: 

£(x) := i y mx)\^du;, 

where denotes the harmonic extension in M". ff^'^-regularity of the above minimal surface 
was proved in the setting normalized by the integral condition (see |Stlj ^. In further 
details were given and similar results were obtained for the setting normalized by the three- 
points condition. 
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Recently, in |Hoj . the existence of unstable minimal surfaces of higher topological structure 
with one boundary in a nonpositively curved Riemannian manifold was studied by applying 
the method introduced in |St2j . and the regularity of minimal surfaces was discussed. 

In this paper, we want to give a similar regularity result for a minimal surface of annulus type 
in manifolds satisfying some appropriate conditions, namely, we will consider two boundary 
curves Fi, r2 in a Riemannian manifold (A^, h) such that one of the following conditions holds. 

(CI) There exists a point p £ N with ri,r2 C B{p,r), where B{p,r) lies within the normal 
range of all of its points. Here we assume r < Tr/{2^/K), where k is an upper bound of 
the sectional curvature of ( A^, h) . 

(C2) N is compact with nonpositive sectional curvature. 

These conditions are related to the existence and the uniqueness of the harmonic extension 
for a given boundary parametrization. 

We first construct suitable spaces of functions, the sets of boundary parametrizations, where 
we have to distinguish the cases of (CI) and (C2). Then, following some idea of Struwe, 
we introduce a convex set which, in fact, serves as a tangent space for the given boundary 
parametrization. Moreover, we consider the following functional: 



where 3"(x) denotes the harmonic extension of annulus type in a manifold N with metric h. 

We may then describe a minimal surface as the harmonic extension of a critical point of £. 

We will always use the fact that N can be properly embedded into some M.^ as a closed 
submanifold (see ICrj ). 

Then we compute the iif-^'^-regularity of our surfaces using the Morrey growth condition, see 
Section ESI We generalize the idea in [Stlj to a minimal surface of annlus type in Riemannian 
manifolds of the above property. 

2 Preliminaries 

2.1 Some definitions 

Let {M,g) be a manifold of dimension 2 with boundary dM, metric (gij), and {N,h) a 
connected, oriented, complete Riemannian manifold with metric (/iq/j) of dimension n > 2, 
embedded isometrically and properly into some M*^ as a closed submanifold by rj (see IGrj ). 
Moreover, V and V denote the covariant derivative in {N,h) and M.^, respectively. 

We use the summation convention for indices and a colon denotes the ordinary derivative 
with i = 1,2, a = 1, ■ ■ ■ ,n. Moreover, duj and denote the area element in 17 C in dil, 
respectively. 
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• The energy of / G C'^{iM,g), {N, h)) is defined by 

^ Jm ^ Jm 

The Euler-Lagrange equation of E for f & C'^{{M, g), {N,h)), called the tension field along 
/, is as follows: 

THif) := {Vjl^df, dz^) = g'\Vdf)t^ = g'^{f% - f%T% + /^?/Jr^^ o /) A o /. 

Further, / G C^{{M,g), (N, h)) is called harmonic if Th{f) = 0. 
For / = (/")a=i, --,ifc, the second fundamental form of r/ is : 

IIof{df,df) := {V^df-Vj^df,dz') G Tfi^rjiN). 

• A weak Jacobi field J with boundary ^ along a harmonic function / is a vector field along 
/ as a weak solution of 

[ (VJ, VX) + {tr R{J, df)df, X)dLo = 

for all X G H^^^ n L°°(M, f*TN) with X\om = ^. 

• For B := {w e R'^\\w\ < 1}, 

H^^'^nC^{B,N) := {/ G H^^'^nC°{B,R'')\f{B) C N}, 
with the norm, ||/||i,2;0 := ||V/||i2 + \\f\\co. 

Let r be a Jordan curve in A*" that is diffeomorphic to := dB, and observe that N 
can be equipped with another metric h such that F is a geodesic in (N, h) . Note that 
n C'^{{B,dB),{N,r)j^) and H^^^ n C°((B,55),(A^,r);j) coincide as sets. Using the 
exponential map in {N, h), we define the following spaces. 

m'^nc^{dB-r) -.= {ue H^^^nc'^{dB,w'')\u{dB) = t} 

with the norm ll^iH i 2-0 '■— + H^tHcOj ti^re 'K{u) is the harmonic extension in R'^, 

and 

T„ii"i2 n c^(^dB; F) := G i/^^ fl C°(5B, u*TN)\^{z) G r„(^)F, for all z G 55} 

= iji2nC°(5B,u*rF). 
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2.2 The setting 

Let Fi, r2 be two Jordan curves of class in N with diffeomorphisms 7* : dB — > Fj, i = 1, 2, 
and dist(ri,r2) > 0. Moreover, for p £ (0,1), 

Ap = {w e B \ p < \w\ < 1}, Ci = {w \ \w\ = 1}, C2 = {w \ \w\ = p}. 

Let further 

^mon '■= £ -f^^'^ ^ C°(5S;rj) I is weakly monotone onto Tj}. 
I) We first consider the following condition for {N,h){D ri,r2): 

(CI) There exists a point p £ N with ri,r2 C B{p,r), where B(p,r) lies within the normal 
range of all of its points. Here we assume r < it/{2^/k)^ where k is an upper bound of 
the sectional curvature of ( A^, h) . 

In this paper, B{p,r) denotes a geodesic ball oi p €z N with the properties in the condition 
(CI). 

Remark 2.1. //Ti, LaJI N satisfy (CI), for each x' € _H^'^nC^{dB; Ti) and p £ (0, 1) there 
exist gp G H^^^ n C^l^, S(p, r)) and £ H'^^ n C^iB, B{p,r)) with gp\c, = x\ gp\c,{-) = 
x^{-) and g'loB = x\ i = 1,2. 

Proof. Let Vt := exp^^{B{p,r)) C i?(0,f)]Rn C M" for some f > 0. 

For X* := exp~^(a;*), we have an Euclidean harmonic extension hp(x^,x^) of finite energy, 
whose image is in B(0, f)]^™. The map exp is a diffeomorphism and 17 is star shaped, so there 
exists a retraction 6 : B{0,f)^n — > J7 with 6\q = Id in the class of H^''^. Then the map 
gp := exp{6{hp{x^ ,x'^))) : — > Q is an H^'^ n C°(Ap, i?(p, r))-extension with boundary 
and x'^{-). We may also find an H^'^ n C^{B, B{p, r))-extension. □ 

From the results in |HKWj . |.TKj and the above remark, we obtain a unique harmonic map 
of annulus and of disc type in B[p,r) C for a given boundary mapping in the class of 
iji2 PI qo p^q^ define, 

M* := {x^ £ H2''^ riC^{dB;Ti)\x^ is weakly monotone, orientation preserving}. 

Then M* is complete, since the C'^-norm preserves the monotonicity. 
We now investigate another alternative condition for (N, h) . 

(C2) is compact with nonpositive sectional curvature. 

A compact Riemannian manifold is homogeneously regular and the condition of nonpositive 
sectional curvature for N implies Tr2{N) = 0. 

In order to define M*, we need some preparation. First, we consider for p E (0, 1), 

Gp := {/ G H^'^ n C^{Ap,N)\ /|c. is continuous and weakly monotone onto Fj}. 
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We may take a continuous homotopy class, denoted by Fp C Gp, so that every two elements 
/, g in Fp are continuous homotopic (not necessarily relative), denoted by / ~ more exactly: 

f ^ g there exists a continuous mapping H : [0, 1] x Ap ^ N 

with H{0,-) = f{-),H{l,-)=g{-). 

Now define 

:= {/Ici (•) e i^^'^ n C°(aS; Ti) | orientation preserving, / e Jp}, 
:= {/Ica (-p) e n C°(9B; I orientation preserving, / £ Jp}. 

Then, for G M*, there exists a unique harmonic extension to Ap with x^(-) on Ci and 
on C2 by |Lil, [ESI, |HSj . 

Definition For G = 1,2, let ?'p(x^x2) be the unique solution of the following 

Dirichlet problem: 

Th{3'p{x\x^)) = in Ap 
(1) 3'p{x\x^){e''') = x\e''') on Ci 

3^p{x\x^){pe'') = x\e'') on C2i=dBp), 

and define £ : M — > M with 

a; ^ S(gr(^)) := i /■ |d3-p(x\x2)|2da;. 

^ Ap 

II) Now let (iV,/i) and Ti,i = 1,2, satisfy (CI) or (C2). 
We will introduce a kind of tangent space of G M*. 

For a given oriented G -^mon' there exists a weakly monotone map G C'^(M,M) with 
w'{e + 27T) =w'{e) + 2TT such that y' (6) = {cos{w' (6)) , sm{w' (6))) =:j'ow^{9). 
We note that w"^ = w"^ + Id for some tD* G C''((9i?,M). Roughly speaking, can be viewed 
as a map in C^{dB, dB) and then is unique for given y*, whereas if* G C'^(]R,M) is unique 
up to 2ttI, I G Z. Whether is in C^{dB,dB) or C'^(M,M) will be determined according to 
a given situation, simply denoted by = 7* o w*. 

Denoting the Dirichlet integral by D and the M'^-harmonic extension by J{, let 

W^k ■■= {w' G C°(M,M) I weakly monotone, u;*(e + 27r) = w^{e) + 2^; D{^{-i' o w')) < 00}. 

Clearly, is convex. For further details, we refer to |Stlj . 

Definition For x* G M*, considering w — as a tangent vector along tti*, let 

Tj^.* = {d'^\{w - w')-^ ow')\w £ W^k and ^ ° = x""}. 

is convex in T^iH^''^ n C^{dB;Ti), since Wj^j. is convex. 
Let exp denote the exponential map with respect to the metric h. Then we note the following. 
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Remark 2.2. In case of (CI), exp^,^ £ M* for g T^,,i = 1,2. 

For the case (C2), there exist li > 0, depending on 7* such that for any G M*, exp^.!^ G 

^/ iieiiT. <k,i = i,2. 

Proof For (CI) it is clear. In the case of (C2), for some small 6 > 0, there exists a retraction r 
from the ^-neighborhood of in M'^ onto N, since is compact. Then, letting Xq|| 1 2-0 < 
6, 

[ \dirifp + J{p{x'-xlO)))\^duj 
JAp 

<C{\\fp\\co,e,N){ [ \dfp\''d^+ [ mx' -xl)\''d^) <Ci\\fp\\,,2;0,S,N). 

JAp JB 

Then we have some > with the desired property, since e5cp^.i^ = 7*(ti;) for ^ = d'y^{{w — 

Lemma 2.1. £ is continuously partially differentiable in x^ and x'^ with respect to variations 
G T^i and ^'^ G 7^2 respectively with 



{5,18., e)= I {d7p{x\x'),v3^^{eMh<^- 

JAo 



A similar result is obtained for the second variation. 
Moreover, the derivatives are continuous in x Af^. 

Proof See KII. □ 



3 i^^^- Regularity of minimal surfaces 
3.1 A result 

Now we define for x = {x^,x^,p) G M'^ x x (0,1), 

(2) gi{x) := sup (-(,5,.£, f)), i = l,2. 

iieii < h 

Then we have the following result. 

Theorem 3.1. Let x = {x^,x^,p) £ x x (0,1) with gi{x) = 0, i = 1,2. Then 
9'p(x^,x^) is in the class of H'^''^ {Ap, N) . 

Remark 3.1. In addition to the above conditions in Theorem \3.1\ let us require that gz{x) := 
p ■ dpS, = 0. Then, x = {x^,x'^,p) is defined as a critical point of £ such that 9"p(x^,x^) is a 
minimal surface of annulus type in N. For details we refer to IKHjl . 
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Lemma 3.1. Lei := 3'pix^,x^) : ^ iV ^ M^' and G H'^'^{Ap,R''). If {dgdS'pl^duj < 
C <oo, then 3"p(xi,x2) G H'^''^{Ap,N). 

Proof By Young's inequality it holds in polar coordinates with A9'p:=A]gfc9"p that 



+ l^e-^pl' + - 2^derSpde^p + ^\ded3^p\^ 



< C(e)|AJp|2 + (l + e) 



—^degS^p + -drS^p 

1 



1 



1 



1 



+ — I^Sr^'pl^ + — l^e^Fpl^ — 2 — dgr3^pdg3^p 



-2e^der3'pde3^p + e^\der3'p\^ + ^(e)^!^^^^!^ + ^{dgdS^pl^ 
< C(e)|A:Jp|2 + (2 + + C{e)^^\de3^p\'' 



< C{e,r^,Ap)\d^p\^ + C{e,p)\ded3^p\^, 
since 3"p is harmonic in ^ M^, i.e., Th{f) = 0. 



□ 



3.2 The Morrey growth condition 

We introduce a lemma from IMol. 



Lemma 3.2. Let G he a hounded domain in . Suppose G iLg'^(G), and t/j G L^{G) 
satisfies the Morrey growth condition 



Br{zo) 



\duj < Cor^, for all Br{zo). 



Then ^ip'^ G L^{G) and for all Br{zQ) it holds: 

l^p^'^lduj < / \d^\'^duj 



Ib, 



G 



'Br(zo)nG 
for some uniform constant Ci . 

Let X* be as in Theorem 13. II with = 7* o z/;', and w' = w' + Id, w' G n C°(5S,M), 

i = 1,2 (recall the construction in Section f2. 2 j) . Moreover, for a given function / on M, /+(•) 

and /-(•) denote the function /_|_(- + h) and /_(• — h), for /i G M respectively. 

For X* G M* let 'Kp{x^,x^) denote the unique M -harmonic extension with boundary x* on 

Ci, i = 1,2, and ^K(-) the M^-harmonic extension of disc type. 

Then we have the following growth condition. 

Lemma 3.3. For each Pq G dAp there exist Cq,//, > such that, for all r G [0, rg], it 
holds that 



(3) 



lApCBriPo) 



+ \dJ{p{w\0)f)diu < Cor 



+ \d'Kp{w^,G)\'^)doj. 
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Remark 3.2. We also obtain the same result as in Lemma for |(i3"p+p (resp. \d!Ip-\'^) 
and \d'Kp{w]_,w'^)\'^ (resp. \d'Kp{w^,w'^)\'^ ). 

As in |Hoj . we observe the following. 

Remark 3.3. (i) Let 3'p : Ap ^ N be harmonic, we have then for X G H^''^ (Ap^M.^), 
-[ {IIo3^p{d3'p,d^p),X)duj+ f {d3'p,dX)duj = 0. 

(a) This means, for X G H^''^{Ap,M.^) the above expression only depends on the boundary of 
X. Thus, for (j) = (</'^(^^>^) G H^'"^ x H^''^{-) we define 

(4) A(3-p)(0):=- [ {no'Jp{d'Jp,d'Jp),X)duj+ [ {d3^p,dX)du, 

J Ap J Ap 

where X is any mapping in H'^''^[Ap,Ml^) with X\qAp = 'P- 

Specially for <j)^ G i^i^ r\ C^{dB,{x^)*TTi),i = 1,2, we take X := which is 

tangent to N along 3^p, then {II o Jp^d'Jp ,d3^p),3p{(j)^,(j)'^)) = from the definition of the 
second fundamental form, so 

(5) A(J,)(</.) = / {d3^p,dJ^^{^\cP^))do, 

JAp 

= j {d'Jp,d3:f^{4>\Q))du+ j {d'Jp,d3^^{Q,(t^''))duj 

Hence, for a critical point x = {x^,x'^,p) of £, we obtain that A(9"p)(^) > 0, for all ^ = 

Proof of Lemma 13.31 We will show Q in several steps. 
I) Let Po G Ci fixed, Br := Br{Po), and 

(6) := / w'^do, := wl + Id:R^ R, 

J{B2r\Br)ndB 

where JasniB^ABr) ^« •= 

■.= -[(^{\e'' - Po\)]\w^ - wl)^ o G Hh^ n C^{dB,w^''T{dB)), 

where means the map from dB into itself, and (p S is a non- increasing function of 
\z\ satisfying the conditions < ((>{z) < 1, 4> = 1 if \z\ < 2r, ^ = if jz] > 3r, \d(p\ < — , 
\d'^4'\ ^ ^ for some C, fixed r. 
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Since (1 - (jP')w^ + (jP'wl G W^^, d^^{^^) G T^i, hence 

(7) A(:jp)(-d7ni<^),o)>o. 

Let := 7^(i(;o), then 

Jwl Js' 

and for small r > 0, 

where 9^(Ap) = G Ti. 

On the other hand, for small r > 0, (p^{3^p — 3^)\c2 = 0) so we can take ^^(J'p — 3^) in the 
definition of A(?'p). Hence, 

a(3^,)(</.2(:j,-?^)|c„o) 

= / {(^^d3'p, d^p)dw + / {2^d(j>{7p - d^p)duo - [ {^\9^p - ?^), // o 3^p{d3'p, d^p))duo 

J Ap J Ap J Ap 

< -A{^p)i(P'aiw'),0), 

and 

/ dS'p, d3^p)doj < f {<j)''{7p-3^p),II o7p{d'Jp,d7p))dw 

JAp JAp 

(8) -/ {2^d(l){'Jp-3^p),d'^p)dw-A{yp){^^a{w^),Q). 

JAp 

For the estimate of — A(9^p)(^^a('u;^), 0), consider 

/.Tl(«)l) /.Tl(u;l) 

^ := / / d^-i^{s")ds"ds' G i/i'2(^p,R^) 

with i*|ci = </>^a('"^^),*^|c2 = 0) where WQ{r, 6) = Wq + Id{r, 9) = Wq + 6, (r, 6) G [p, 1] x M. 
By simple computation we obtain 

1*^1 < C{-/\x^)^'^\:Kp{w\0) -wl\^, 
\d^\ < C(7\x^)|?{p(u5\0) + C(7^x^)|c^?{p(^J^0)||?{p(^J^0) -iJi|V, 
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and from Q by Young's inequality, 

[ {^'^d3'p,d'Jp)duj < I \d3'p\'^\3^p-3^p\(t)'^duo 

J Ao J Ao 



+ 1 / \d7p\''(l?diO + C{£) I \'Jp-3^f\d(l)\''duo 
5 JAp JAp 

+C\\'Kp{w\Q) - wlUo^^B,^-^ [ (IdJpiV + mp{w\0) - wl,f\d(l)f)duj 

JAp 

+C\\:Kp{w\0) - w^Uo^^Bsr) [ {\d:Kp{w\0)\^ + \d3^p\^)(l)^dco 

JAp 

+C [ \J{p{w^,0) -wl\'^\d3'p\'^^'^duj. 

Ao 



Thus, for r £ (0,ro), sufficiently small, dependent on e, C, modulus of continuity oi 3^p — 3^ 
and 'Kp{w^,0) — Wq we have the following estimate: 

/ {<l?d'Jp,d3^p)du <e I (IdJpp + \d'Kp{w^ ,^)\^)(l?duj 

J Ap J Ap 

(9) +C{e) f {\3^p-3^^\^ + \%p{w\Q)-wl\^)\d<l^\^du:. 



,1M2|^J,|2 



II) We win estimate \d'Kp{w^ ,Q)\'^4P'duj. 

• First, we obtain 

D[{%p{w\^) - wl)(t>] = [ [\dJ{piw\0)m^ + \i%piw\0)-wl)\' 

JAp 

+2d:Kp(wi,0)(J{p(wi,0) - 

and by Young's inequality 

[ \d'Kp{w^, 0)1"^ (f)'^duj < D[{:Kp{w^,0) -wl)(t>] 

JAp 

(10) +1 / \d:Kp{w\0)\^<P^duj + C{e) f {\Kp{w\0)\^ + \wl\^)\d<P\^dLo. 

• The estimate oi D[{'Kp{w^ ,Q) - wl)(f\ : 



On C^, we have 3^p — 3^ = d'y^{w^ ~ ''^0) ~ J^'^ d'^'y^{s")ds"ds' , and (l^ldBsr-iPo) = ^- Hence, 
ondiApHB^riPo)), 



{:Kp{w\0)-wl)<^=\dj\T\w'))\-'[d^\THw')) ■ {^^p-J'p) 

+d-f\T^{w^))- / / d^-i^{s")ds 
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We denote the latter map on Ap by ^. 
Moreover, it holds that 

(11) A[{:Kp{w^,0) -w^)^] =2d:Kp{w^,0) ■d(l) + {J{p{w^,0) -wl^)A(/)=: f. 

Note that for a solution ip G C^(0,R) of Aip = / it holds, with a boundary data ipo, that 

Dip<D^- j f{ip - i;), for all £ + ^o'^(f^)- 
Hence, by the variation characterization of equation we obtain 



(12) D[{%p{w\0)-wl)^]<D{^)- f[{%p{w\0)-wl)4>-^]du;. 



Let 



djHT\w^)) . {Jp - 3^p) + d^\T\w^)) . dH{s")ds' 



\d-f^{T^{w^W 




d[dj\T\w')) ■ i^p - ^p)] = d^^\T\w^))d{T\w'mp -3^p) + d^\T\w^))d'Jp =: 



a, 



dU / d^-f\s")ds'dj = d^-f\T\w^))d:Kp{w\0){J{p{w\0) -wl) =: b, 







d\djHT\w'))\-' = -2\dj\T\w'))\-^{d^^\THw^)),d^jHTHw')))dJ{piw\0) =: c, 
that we have 

2 _ |a + fep'/'^ + 9^0^c^ + eV(/.p + (g + b)c(/)^e + (a + b)0e# + 9^0c# 

' ' ~ Id^iHfHwW ' 

and we compute further, from the property of (p, that 

[ \d^^duj<C f \d'Jp\^cp'^duj + C f [\'Jp-3^p\'^ + \'Kp{w^,Q)-wl\^]\d(t)\'^duj 

J Ap J Ap J Ap 

+C5 I [\'Kp{w^,Q)-wl\^\d(t>\^ + \d'Kp{w^,Q)\^(f^]doj, 



\L°°{ApnB3ry 



where 5 = \\\3^p - + \'Kp{w^,^) - wl\ 
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We can also compute that 
-/ f[{J{p{w\0)-w},)^-^]du; 

JA„nBir 



< / [2|d:>{p(u;i,0)#|:Kp(ii;i,0) + |:Kp(u;i,0) -u;i|2|A</.|0 

+^1 dJCp (t^i , 0) 1 01 :jp - 1 1 #1 + CI , 0) - 1 1 Jp - 1 1 A0I ,^ 

+C\\:Kp{w\0) - wl,\\{\d:Kp{w\OM:Kp{w\0) - w^^\\d<p\ + \:Kp{w\0)-wlf\A<p\<p)]dw 



H'^ + C\\:Kp{w\0)-w},\\Loo^ApnBs.))\d:Kp{w\0)\'^^]du. 

Now the estimate of D[{'Kp{w'^ ,0) - wD^)] follows from (fT^ . 
• From H1U|) and the above estimates, we derive 

/ \d'Kp{w^,0)\'^(t>'^duj <C f |dJpp(/)2(iu; 

+C{e) [ i\3^p-^p\^ + \J{piw\0)-w^o\^){\dcPf + \AcP\)duj 

JAp 

(13) +(^^ + c\pp-3^p\ + \%p{w\Q) -wl\\\^^^^^^^^J j \d-Kp{w\Qt<p'di.. 

J Ap 

III) Prom Q, (|13|) . for r < rg, where tq is dependent on e, C{x^,p) and the modulus of 
continuity of J'p — 3^ and 'Kp{w^,0) — Wq, the definition of (j) yields 

[ {\d3^p\^ + \dJ{p{w\0)\^)dio<Cr-^ [ {\3'p-^p\^ + \:Kpiw\0)-wl\^)dio 

JApHBsr J ApnBsr\B2r 

< Cr'^ I {\-Jp-3y + \-Kp{w\Q)-wl\'')du: 

JApr\Bir\Br 

(Poincare inequality) < C {\dyp\'^ + \d'Kp{w^,Q)\'^)duj 

JApDBsrXBr 

+Cr-^( [ {^p-3^p)do)\cr-^{ [ {%p{w\Q) - wl)do)\ 

^ JdBnBo.ABr- ^ ^JdBnBoAB^ ^ 



where the last term is from the definition of Wq . 
On dB, we have 



yp-3^^ = d^\wl){w^-w\)+ / / dW{s")ds"ds', 

J dBnB2r\Br Jwl Jwl 



„1 „o' 
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so, from the estimate in the integration and by the second inequahty in Lemma l3.4| 
/ ( - 3^p)do 

JdBnB2r\Br 

JdBnB2r\Br JdBr\B-2r\Br J J 



< C / \w' -w^l'do 

JdBn{B2r\Br) 

< Cr [ \d'Kp{w\o)\'^duj + -( [ {w^-w^o)do^^ 

JBn(B2r\Br) ^ JdBnB2r\Br 

Here, the last term is again zero by the definition of Wq. 
Thus, 

^ JdBr\B2r\Br ' 

2 



hence 



<C{\ |dJ{p(u^i,0)pdw) <C{x\p) \d:Kp{w\0)\'^dLO, 

^JBn(B2r\Br) ' JBn{B2r\Br) 



[ {{dS'pl'^ + \d'Kp{w\0)\'^)duj <C [ + |dJ{p(u;i,0)|2)dw. 

JAoHBr JAonB-iABr 



I ApHBsrXBr 

Let T(r) := ^p^^ (Idff'pp + \'Kp{w^ ,Q)\^^duj, then the above inequahty means that 

T(r) < C7(T(3r) -T(r)), 
where C is independent of r < tq, for some smah tq. 

Then the inequahty Q foUows from the Iteration-lemma. □ 
3.3 The proof of the main theorem 

We will give here the proof of Theorem 13.11 We begin with Poincare inequality as follows 
(see |Stlj Lemma 5.5): 



Lemma 3.4. Let zq G dAp, Br := Br{zo), Gr := Ap D {B3r\Br), Kr := Ap D {B2r\Br) 
and Sr '■= dAp D B2r\Br- Then, for some small rg > 0, there exists a uniform constant C 
independent of zq such that for all r < r^ and for each f £ H^''^(Gr): 



I l^pdw < Cr^ f \dip\'^duj + C ( f ifido^ , 

i/ Gj^ J Gi- \i/ 5*7- / 

\^\^do < Cr I \dip\^duj + j( f ifdo) , 



2 

and 



where do is the one- dimensional area element. 
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Proof. Let zo,r be fixed. Suppose by contradiction that for a sequence tpm £ H ' {G. 



1 



(fml'^dui > mr' 



j \dipm\'^duj + m I (frndoj 

J Gr \J St / 



Then {^Pm} is bounded in H^''^{Gr) and some subsequence, denoted again by {^Pm}, converges 
weakly to some (/? in H^''^{Gr) but strongly in Lp'{Gr) by Rellich-Kondrakov. From the above 
assumption, dipm strongly. 

Thus, {ifm} converges strongly to some constant G in H^''^{Gr) and ipm ^ C in Lp'{Sr)- 
On the other hand, 'Pmdo — > 0, so (/? = in Gr, contradicting the assumption, since 

The second inequality can be proved similarly, supposing by contradiction that 

2 



1 



Wm.\ do > mr 



/ \d(pr, 

JKr 



-doj + 



m 



•^m do 



and applying the above result for \ipm\^dw. 

By scaling, one can see that G is independent of ZQ,r. 

Proof of Theorem 13.11 

From Lemma l3. II and by a well known result in |GTj it suffices to show that 



□ 



(14) 



\^hd3'p\^duj <G < oo, 



where Ahd3'p := d^p^^fi+h)-d^p{r,e) ^ ^ independent of h. 

We show (|14() in several steps. The same notations as in the preceding sections will be used. 
(I) With A_hAh3'p\dB = A_hAhl^ o e™' and A_hAh'Jp\aB^{-p) = A^h^nl^ o e™'(-). 



\Ahd3-p\'^dio = - {d9-p,dA_hAh3'p)dio 

JAp 

= - [ {IIoJp{d3^p,d9^p),A_hAh9'p)dio-A{3^p){A_hAh3'p\dAp). 

JAp 

Denoting 7^ o e™^ and j"^ o e™^ by 7*(t(;*(0)), further w^{- + h) and w^{- — h) by w\_ and w\ 
respectively, we have: 



A_HAia\w') = A. 



h 



A. 



d-i\w') 



h 



1 



w' J w 



d^Y{s")ds"ds' 



dj\w'){A^hAhw') - - 
dY{w'){A_hAhw') + P\ 



d^y{s')ds' ■ Ahwl + A. 



d^f{s")ds"ds' 
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Since 7^ is smooth, clearly df{w'){A^h^hw') G H2'^ n C^{dB, {x')*TTi). 

We write tt;* = + Id for some w'^ £ H2''^ n C^{dB,M.) and define a real valued map of 
(r, 9) G [p, 1] X M as follows: for i = I, 

T^{w^){r, 6) := Hp{w, 0)(r, 6) + /(i(r, 9) with /d(r, ^) = 9, 

where Hp(w, 0) is the harmonic extension to Ap ~ [p, 1] x M/27r with w on 9i? and on dBp. 
Then it holds that 

T^{w^){r, 9 + 2tt)= T\w^){r, 9) + 27r, for (r, 9) G [p, 1] x 

and e*"^^^'"^-' can be considered as a map from dB into itself. 

Now define a map 5(P\0)(-) : ^ M'^ with the boundary (resp. 0) on Ci (resp. C2) 
as follows: 

1 rT\wl){-) 

S{P\m ■■= -T dV{s')ds'-Hp{Ahwl,0){.) 
Jri(toi)(-) 

Similarly, a map 

S'(0,P2)(.) : Ap M*-' with the boundary (resp. P^) on Ci (resp. C2): 
5(0,P2)(.) := _ / dV(5')ds'-^p(0,A,«;2)(.) 

+A_JM / dV(Ods'W , 

y"- Jt2(u,2)(.) Jt2(u.2){-) y 

where r2(«;2 )(.) = i7p(0, ^Z;)(-) + M-), and S(0,p2)|^^ ^ 0, 5(0, p2)|c, (-/o) = PH')- 

Clearly 5(P\ 0), 5(0, P^) G i7i'2(Ap, M'^), so letting S{P\P^) := S(pi,0) + 5(0,p2), we 
have a map in H^''^{Ap,R'') with boundary (P^p2). 

By computation, ^A_hAhW^ = ^{w'[_ +w^_^) —w^. And ^(?y!_ G Wj^j. which is convex. 

Thus, by the definition of T^-i, 

^df{w'){A.hAHw'^)€7,., 

and 7*(tt;*)(A_/iA/it(;*) is in H^'"^^ for which A(3"p) is well defined, recall Remark 13.31 
Prom Q and Remark 13.31 since ^^(x) = g^{x) = 0, 

yA(5-p) (d7'(w;i)(A_;,A;,^i;i),0) = ^(5"^) (^^dV (t«i)(A_;,A^t«i), oj > 0, 
so Ai^p) {d^^{w^){A_h^hW^),^) > 0. 
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Similarly, for the second variation, A{3'p) ( 0, d'j {w^){A_fiAhW ){-) ) > 



From now on wc will omit the scaling term (-) for the second variation. 
Moreover, from the definition of A{3^p), clearly it follows that 

A(3^p)(0i + + e) = A(5-p)(</.i, </.2) + A{3^p){e,e), 

if there exist H^''^ extensions of (0^,0^) and (C^,^^). 
Hence, we have that 

A(^^) {d^\w^){A_hAhw'),dj\w''){A_hAhW^)) 

(15) = A{3^p) {d-f'{w'){A^hAhw'),0) + A(^p) {0,d-f\w^){A_hAhW^)) > 0. 

Now we can compute: 

/ \Ahd3^p\^duj = - [ {II o 3^^(dJp, d3^p), A_hAh'Jp)dw - A{Jp){A_hAh'Jp\aA,) 

JAp J Ap 

= - [ {II oyp{dJp,d'Jp),A_hAh'Jp)du 

JAp 

-A(:r,)(P\p2) _ a(:J,) {d^\w^){A_hAuw^ld^f\w^){A_uAnw^)) 
< - [ {IIo3^p{d!Jp,d3^p),A_hAh3'p)du;-Ai^p)iP\P^) 

JAp 

(16) = - / {IIo3^p{d3^p,d3^p),A_hAh3^p)du; 

JAp 

(17) + / {II o 3^p{d9'p,d3^p), S{P\0))du + [ {II o3^p{d3^p,d9'p),SiO,P^))dco 

JAp JAp 

(18) -f {d!Ip,dS{P\0))dw- f {d3^p,dS{0,P^))dw. 

JAp JAp 
(II) For the estimstes of the above terms we need some preparation. 
First, let s(r) := T?'p,+ + (1 - r)3^p, < r < 1, then 

\AhII o ^pidUp, d!Jp)\ = I Ull o ^p,+{9^p,+, ^p,+) - II o ^p{d!Jp, d!Jp)}\ 



1 



= \-{II o ?p,+ (dJ^,+ , d3-^,+) - // o 3^p{d3^p,+ ,d3^, 



p,- 



+11 o 3'pid3'p,+ , o!Jp,+) - // o 3^p{d3'p, d3'p)}\ 

= \^{{dll{yp)-{7p,+ -yp)+ jy^II{s{TWp,+ -3^pfdTdt){d3^p,+,d3^p,+) 

+11 o ^pidUp,^ - dJp, d!Jp,+) + II o ^pidUp, d!Jp,+ - dJp)}| 

= \dll{3^p) ■ Ah3^p{d3^p,+,d3^p,+) + \ f [ d2//(s(r))| - 3^p\^dTdt{d!Ip,+ ,d3^p,+) 

" JO Jo 

+11 o JpiAhdS^p, d3-p,+) + // o J^(d3-p, Ahd3^p)\ 

< c{mco^A^))[\A„3^p\\d3^p,+\' + |A,d:j,|(|d:j,,+| + m)]. 
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1 l-T^iwl) 1 rT^iwl) fs' 

' cf-f\s')ds' := * and - / / dS\s")ds"ds' := ^, 



Now let 



then we have 

1*1 <C(7')|^p(A_;,u;^ 



Ti(toi) JTi(«)i) 



and 



L -ru.„n (^-)-^ ))dT {w_) 



T^{wl)-T^{w^) 

+dWT\w^)){dT\wi) - dT\w^))] 
< C{\\^^\\c^){\Hp{A_hw\0)\\dHp{wi,0)\ + \dHp{A_hw\0)\), 



1 , fnCu.!.) 

= d[-{ d^\s')ds'- dj\T\w^))ds')] 

l^ d^'{T\w\))-d-i\T\w')) , , , , , 

= TiK)-Ti(.;i) (TK)-T(^))drK) 

-d^-fHT\w^))dT^{w^){dT^{wl) - dT\w^))] 
< C{\h'\\c2)\H,{Ahw\0)\{\dH,{w^+,0)\ + \dHp{w\0)\). 

Using the above results, we estimate (fT^. H17p . (fTH|) for some C G M, independent of h. 
First, 

m < f \{AhII o3^p{d3'p,d3'p),Ah3'p)\dio 

JAp 

< c[ {\Ah3^p\^\d3^p,+ \^ + \Ahd3^p\{\d3^p,+ \ + \d3^p\)\Ah3^p\)duj 

JAp 

< c[ \d3^p,+ \^\Ah3^p\^duj + e [ \Ahd3^p\^dio + C{e) [ {\d3^p,+ \^ + \d3^p\'')\Ah3^p 

J An J An J An 
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For the estimate of (fT7]). 

< [ {|(//o5-^(ci:Jp,o!3-p),Wi/p(A;,u;i,0))| + |(A;,//o3-^(dJp,(i3-p),(^))|}(ia; 

< C [ \d3'p\'^\%p{A_hw\0)\'^duj 

JAp 

< cj \d3^p\^\%p{A_hw\0)\^du; + C f \d3^p,+ \WAh3^p\^ + \J{p{Ahw\0)\^)du; 
+£ I \Ahd-Jp\^du: + C{e) I {\d'Jp,+\^\-Kp{Ahw\^)\'' + \dJp\''\'Kp{Ahw\^)\^)du:, 

note that A/^wi = A-hW^ , and we obtain a similar estimate for the second term of (|17|>. 
Thus, we have that 

^ < eC I \Ahd3^p\^dLo + Cie) [ {\d3-p\^ + \d3^p,+ \^) ■ 

JAp JAp 

{\Ah3^pf + \:Kp{A_hw\0)f + \J{p{0,A^hW^)f + J{p{Ahw\0)\^ + \:Kp{0, AhW^)f)dLj. 
For the estimate of (fTH)) . 

- / {d9'p,dSiP\0))du < f \{d9-p,d{i^):Kp{A_hw\0))\duj 

J Ap J Ap 

+ / \{d3^p,{-k)d'Kp{A^hW^,{)))\du+ j \{Ahd3^p,d{i^))\du 

J Ap J Ap 

< eC I \Ahd3'p\^duj + eC I \dJip{AhW^ ,Q)\^duj 

J Ap J Ap 

+C{e) I {\d3'p\^ + \dJ{p{w]_,0)\^ + \d:Kp{ujl,0)\^ + \d:Kp{w\0)\^)- 

JAp 

{\:KpiA_f,w\0)\^ + \:Kp{Ahw\0)\^)du;. 
We obtain a similar estimate for the second term of (|18)) : 

^ < eC f \Ahd3-p\'^duj + eC j \d'Kp{AhW^ ,^)\^duj 

J Ap J Ap 

+C{e) [ {IdS'pl^ + \d:Kp{wi,0)\^ + \d:Kp{wl,0)\^ + \d:Kp{w\0)\^ 

JAp 

+\dJ{p{0,w^_)\^ + \d:Kp{0,wl)\^ + |d?{p(0,w}2)|2) . 
{\J{p{A.hw\0)\^ + \J{piAhw\0)\^ + \:Kp{0,A^hW^)\^ + \J{p{0, AhW^)\^)dLO. 

18 



Now, gathering all the above results we obtain : 

(19) / \Ahd3^p\'^dLo = eC f \Ahd9^p\'^du; + eC f \d:Kp{Ahw\0)\'^duj + C{e)E , 

J -Ap t/ -Ap A.p 

where 

H := / {{dS'pl^ + \dJp\^ + \d:Kp{wi,0)\^ + \dJ{p{wl,0)\^ + \dJ{p{w\0)\^ 
JAp 

+|d:>{p(0,u;2 )|2 + \d'Kp{Q,wl)\'^ + |(i:Kp(0,u;2)|2) . 
(I A;,Jp|2 + \'Kp{A^hw\n'' + \^p{Ahw\d)\'' + \%p{^, A_hw^)\'' + |:Kp(0, AhW^)?)du; 



(III) On dB, it holds that A/,(y o u;*) = d-i'{w^)Ahw' + \ /J+ /^', d^y (s")ds"ds', so 



(20) A;,u;^ = W{w')\~^ W{w') ■ Ah3^p - dy{w') • i / ' / d^Yis")ds"ds'] . 



Using T^{w^) at the right hand side of (|20)) . we obtain an H^''^{Ap,M.^)- extension with 
boundary A^w"^ on and on C2, and by the D-minimality of the harmonic extension 
between the maps with the same boundary, we have 

\dJ{p{AhW^,0)\'^du; 

Ap 

< c[ [\d:Kpiw\0)\{\Ah3'p\ + \*i<\) + \dAh3'p\ + \di.i.\]^dco 

JAp 

< c[ {\d:Kp{w\0)\^\Ah3^p\^ + \d:Kp{Ahw\0)\^\:Kp{Ahw\0)\^ + \dAh3^p\'' 

JAp 

+\J{piAhw\0)W\dJ{p{w^+,0)\ + \d:Kpiw\0)\f 
+\d:Kp{w\0)\^\A^,w\0)\ + \d:Kp{w\0)\\Ah3^p\\dAh9'p\ 
+\d:Kp{w\0)\\J{p{Ahw\0)\{\dJ{piw^+,0)\ + \dJ{p{w\0)\)\Ah3^p\ 
+\d:Kp{w\0)\\J{p{Ahw\0)\\dAh3'p\ 

+ 1 (t^i , 0) 1 1 IKp ( A/,«;i , 0) 1 1 :Kp ( A^iu\ 0) |( I («;i + , 0) I + I , 0) I ) 

+\dAh3'p\\:Kp{Ahw\0)\i\d:Kp{w\,0)\ + \d:Kp{w\0)\)}du; 

(21) < C [ \dAh9'p\'^duj + CE. 

JAp 

Similarly, we obtain an estimate 

(22) / \d'Kp{0,Ahw'^)\'^duj <C [ \dAh3'p\'^duj + CE. 

JAp JAp 



19 



Using the estimate ^ for /^^ \dAh3'p\'^du} and from (|22|) . 
J Ap J Ap J Ap 

< eC 1 \dAh'^p\'^du + eC j \d'Kp{AhW^ ,Q)\^du + eC j \d'Kp{Q, Ahw'^)?du + C{e)^ . 

Since ^(a^ + ft^) < (a + hf < ^{a^ + b'^),a,b G M and -ffp(/,c/) = Hp{f,0) + Hp{0,g), for 
some small e > in the above estimate we finally obtain the following inequality: 

/ \Ahd3-p\^duj + / \d:Kp{Ahw\Ahw'^)\'^duj 

J Ap J Ap 

< C{£) I {\d3-p\^ + \d9'p+\^ + \dJp^\^ 

JAp 

+ \d'Kp{w^,w'^\f + \d%p{w\,wl)\^ + \d%p{w\,wl_\^) ■ 
(23) (I A/,:Jp|2 + \H{A^hw\A^hW^)\'' + |F(A;,u;\ A;,u;2)|2)(ia;. 

(IV) Now extend 3"p to M^\i?p2 by conformal reflection as follows 

S'piz) = 9"p(^), if l<kl 

^p(^) = 9'p(^p')' if p'<kl</>• 
Choose r G (0,min{^,ro}), and ip G C^(S2r(0)) with = 1 on 5^(0). 

We may cover with balls of radius r in such a way that at most k balls of the covering 
intersect at any point p G Ap, for any r as above (M^ is metrizable). Let denote the balls 
of the covering with centers pi and ^Piip) := ^{p — Pi)- 
Then, from ^ 

I \Ahdyp\'^duj + I \d'Kp{AhW^,AhW^)\^du} 

JAp JAp 

< CT.i f {\Ahyp\'' + \H{A.hw\A.hw'')\'' + \H{Ahw\Ahw'')\'')^^i- 



|dJpp + |dJp+|2 + |(iJp_|2 + \d'Kp{w^,w'^)\'^ + |dJ{p(u;i )|2 + \d%p{wl_,w'i)\^) dw. 



According to Lemma EISl and Eemark \^.2[ x satisfies the Morrey growth condition, so apply 
the Morrey Lemma with x and {Ah3'p)ipi resp.-fr(A_/jtt;^, A_hw'^)ipi resp. {{{AhW^, Ahw'^)ipi. 
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Then we obtain 

•I B2r{Pi) 

<Cr2 [ xdco f {\dAh3^p\^ + \dH{A_hw\A_hW^)\^ + \dHiAhw\AhW^)\^)dio 
+Cr'^ [ xd^ ! {\^h'^p? + \H{A_hw\A_uw'')\^ + \H{Anw\Anw'')\'')duj. 

JB2\B^2 JB2r{Pi) 

Summing over i yields a constant C, independent of r, such that 
/ \Ahd'Jp\^duj+ I \d:Kp{Ahw\Ahw'')\''du; 

JAp JAp 

<Cr^ f {\dAh3^pf + \dH{A_hw\A_hW^)f + \dHiAhw\AhW^)f)du 

JB2\B^2 

+Cr^ [ {\Ah^pf + \HiA_hw\A_hW^)f + \HiAhw\AhW^)f)d^. 

J B2\B^2 

Since d3^p, dH{w^,w^) G L^, choosing small r > 0, we obtain C G M, independent of \h\ < ho 
with 

/ {AhdS'pl'^dio < C. 

JAp 

□ 
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